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1 Welcome to 11th meeting SDS

This is the 11th edition of the meeting Structual Dynamical Systems Computational Aspects. It
follows a series of meetings which started in 2001, whose aim is to bring together researchers from
different fields, mainly Mathematics and Engineering, and give them the opportunity to discuss, in a
friendly atmosphere, recent developments in computational and theoretical methods for Dynamical
Systems and PDEs, and their applications.

This year, instead of Plenary Talks, the meeting will host five Minicourses on special topics and
three Light Talk sessions.

Titles and organizers of these Minicourses are listed below.

• Introduction to Virtual Elements.
Organizers: Lourenco Beirao da Veiga and Alessandro Russo.

• Dynamical systems with delay: theoretical and numerical aspects.
Organizer: Dimitri Breda.

• Selected aspects of networks, stability and numerical considerations.
Organizer: Luca Dieci.

• Principles of stochastic numerics and applications to dynamical systems.
Organizer: Raffaele D’Ambrosio.

• Model reduction methods for ODEs and PDEs.
Organizer: Maurizio Falcone.

The meeting begins on Tuesday morning, June 7 and ends on Friday afternoon June 10.
A particular thank is due to the sponsors of this workshop, in alphabetical order:

• Dipartimento di Ingegneria, Elettrica e dell’Informazione, Politecnico di Bari,

• Dipartimento di Matematica, Università degli Studi di Bari Aldo Moro,

• Dipartimento di Matematica e Fisica Ennio De Giorgi ,Università del Salento, Lecce,

• IAC-CNR, Istituto per le Applicazioni del Calcolo ”M. Picone” Sez. di Bari;

• Multidisciplinary Digital Publishing Institute - MDPI (www.mdpi.com), Switzerland.

Their financial help was essential to the organization of this meeting.

We wish you all a great SDS2022 !

The Scientific and Organizing Committee: Nicoletta Del Buono, Fasma Diele, Cinzia Elia, Roberto
Garrappa, Luciano Lopez, Carmela Marangi,Tiziano Politi, Marina Popolizio, Alessandro Pugliese,
Ivonne Sgura, Giuseppe Vacca.
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2 Minicourses

• Introduction to Virtual Elements (page 4)

• Dynamical systems with delay: theoretical and numerical aspects. (page 7)

• Selected aspects of networks, stability and numerical considerations. (page 6)

• Principles of stochastic numerics and applications to dynamical systems. (page 8)

• Model reduction methods for ODEs and PDEs. (page 10)

The outlines of the lectures are reported in the following.

4



Introduction to Virtual Elements

L. Beirao da Veiga, A. Russo
Dip. di Matematica e Applicazioni, Università Milano Bicocca, lourenco.beirao@unimib.it,

alessandro.russo@unimib.it

N. Sukumar
Computational Mechanics Department of Civil & Environmental Engineering, UC Davis

nsukumar@ucdavis.edu

The Virtual Element Method (VEM) is a recent technology that generalizes classical Finite Element
both in terms of available meshes and shape functions; in this years VEM enjoyed an increasing suc-
cess in the math and engineering communities. The present course constitutes a deep introduction
to VEM. After describing the initial basic ideas on a simple model problem, we will present VEM
spaces that are suitable for mimicking fundamental properties of the problem at hand, focusing
on incompressible fluid-dynamics and electro-magnetism. We will furthermore describe different
developments of VEM that allow an exact approximation of curved geometries. Finally, we will
mention some connections with FEM and address the important aspect of integration on polytopes.

The outline of the lectures is as follows:

Lecture 1 (Russo): introduction to VEM in 2D

Lecture 2 (Beirao da Veiga): VEM complexes for the Stokes and Navier-Stokes problems

Lecture 3 (Russo): VEM with curved edges

Lecture 4 (Beirao da Veiga): VEM complexes for electro-magnetism

Lecture 5 (Sukumar): integration on polytopes and some connections with FEM

5



Selected aspects of networks, stability and numerical
considerations

Marco Coraggio
Scuola Superiore Meridionale, Napoli, Italy marco.coraggio@unina.it

Luca Dieci
Luca Dieci, School of Mathematics Georgia Institute of Technology, Atlanta, USA

dieci@math.gatech.edu

In these lectures, we present the main theories to establish stability of syn- chronous motion in
networks of differential equations. The first is based on the so-called “Master Stability Function”
(MSF), the second is based on use of the log- arithmic norm, and the third on Lipschitz-like
conditions. Smooth and (a class of) piecewise smooth systems are considered. Numbering below
roughly corresponds to a little less than one lecture.

1. Introduction to networks of differential equations. Adjacency and coupling struc- tures. Syn-
chronization. (LD)

2. Examples, synchronous periodic orbit. Floquet theory. Lyapunov exponents. Mas- ter Stability
Function (MSF) for smooth networks. (LD)

3. Piecewise smooth (PWS) networks. Filippov networks. Introduction to Flilippov systems and
numerical methods. (LD)

4. MSF for PWS Filippov networks. Theory and examples. (LD)

5. Logarithmic norm and contraction theory for smooth and PWS systems. Applica- tion to
synchronization in networks. (MC)

6. Lipschitz-like conditions. Synchronization results based on Lyapunov theorems. Examples.
(MC)
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Dynamical Systems With Delay: Theoretical and Numerical
Aspects

Dimitri Breda
Department of Mathematics, Computer Science and Physics, University of Udine,

dimitri.breda@uniud.it

Nicola Guglielmi
Gran Sasso Science Institute, L’Aquila nicola.guglielmi@gssi.it

In this course we will give a theoretical introduction to fundamental aspects of delay differential
equations concerning the relevant semigroup theory, the spectral properties of linear problems
and the related stability analysis. Relevant numerical methods will be discussed for the linear
autonomous case in view of approximating spectra, also in a framework of robust and perturbation
analysis. Finally, hints on the treatment of more advanced issues will be considered, such as periodic
and nonlinear problems, as well as extensions to other classes of functional equations.

The Virtual Element Method (VEM) is a recent technology that generalizes classical Finite
Element both in terms of available meshes and shape functions; in this years VEM enjoyed an
increasing success in the math and engineering communities. The present course constitutes a deep
introduction to VEM. After describing the initial basic ideas on a simple model problem, we will
present VEM spaces that are suitable for mimicking fundamental properties of the problem at hand,
focusing on incompressible fluid-dynamics and electro-magnetism. We will furthermore describe
different developments of VEM that allow an exact approximation of curved geometries. Finally,
we will mention some connections with FEM and address the important aspect of integration on
polytopes.

The outline of the lectures is as follows:

Lecture 1 (Breda): Theoretical introduction to DDEs (fundamental aspects, semigroup theory,
stability of linear problems via spectral analysis).

Lecture 2 (Breda): Numerical aspects of the approximation of stability spectra for autonomous
linear DDEs.

Lecture 3 (Guglielmi): Numerical aspects of robustness and perturbation of spectra of linear
autonomous DDEs (pseudospectrum).

Lecture 4 (Breda): Possible advanced topics (periodic problems, nonlinear problems, more complex
models)
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Principles of stochastic numerics and applications to dynamical
systems

Raffaele D’Ambrosio
Dip. di Ingegneria e Scienze dell’Informazione e Matematica, Università dell’Aquila,

raffaele.dambrosio@univaq.it

Stochastic differential equations (SDEs) provide a meaningful tool in mathematical modeling, nowa-
days widely spread out in many fields of applications. As a consequence, a specific focus on their
numerical solution has attracted many researchers in the last decades. To some extent, SDEs can
be seen as belonging to a deterministic problem perturbed by noise; nevertheless, as clearly visi-
ble in the existing literature, SDEs have required the introduction of a dedicated theory for their
numerical solution (consider, for instance, [8, 9, 10] and references therein).

This short course aims to provide a brief introduction to the numerical solution of SDEs. The
presentation of the most used numerical techniques is equipped by the analysis of some relevant
properties in terms of accuracy [8, 9, 10] and stability [2, 5, 6]. Some elements of stochastic geometric
numerical integration [1, 3, 4, 7, 11] will also be introduced, mainly devoted to the conservation of
invariant laws associated to the dynamics.

The outline of the course is as follows:

1. Introduction to stochastic differential equations: Ito and Stratonovich calculus.

2. One-step discretizations: Euler-Maruyama, Milstein, stochastic ϑ-methods, stochastic Runge-
Kutta methods.

3. Accuracy of numerical methods for stochastic differential equations: strong and weak conver-
gence. Error estimates.

4. Linear and nonlinear stability analysis. Mean-square dissipative problems.

5. Elements of stochastic geometric numerical integration. Stochastic Hamiltonian problems.

The course is addressed to Ph.D. students in Numerical Analysis and to whom may encounter
the numerical solution of SDEs in research.

References

[1] A. Abdulle, Numerical methods for stochastic simulation: when stochastic integration meets geometric
numerical integration. In: Holcman, D. (eds) Stochastic Processes, Multiscale Modeling, and Numerical
Methods for Computational Cellular Biology, 83–107, Springer, Cham (2017).

[2] E. Buckwar, R. D’Ambrosio, Exponential mean-square stability properties of stochastic linear multistep
methods, Adv. Comput. Math 47., article number 55 (2021).

[3] P. M. Burrage, K. Burrage, Structure-preserving Runge-Kutta methods for stochastic Hamiltonian equa-
tions with additive noise, Numer. Algorithms, 65(3), 519–532 (2014).

[4] C. Chen, D. Cohen, R. D’Ambrosio, A. Lang, Drift-preserving numerical integrators for stochastic
Hamiltonian systems, Adv. Comput. Math. 46(2), 27 (2020).
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[5] R. D’Ambrosio, S. Di Giovacchino, Mean-square contractivity of stochastic θ-methods, Commun. Nonlin.
Numer. Simul. 96, 105671 (2021).

[6] R. D’Ambrosio, S. Di Giovacchino, Nonlinear stability issues for stochastic Runge-Kutta methods, Com-
mun. Nonlin. Numer. Simul. 94, 105549 (2021).

[7] R. D’Ambrosio, C. Scalone, On the numerical structure preservation of nonlinear damped stochastic
oscillators, Numer. Algorithms, 86(3), pp. 933–952 (2021).

[8] D. J. Higham, An algorithmic introduction to numerical simulation of stochastic differential equations,
SIAM Rev. 43, 525–546 (2001).

[9] D.J. Higham, P.E. Kloeden, An Introduction to the Numerical Simulation of Stochastic Differential
Equations, SIAM (2021).

[10] P.E. Kloeden, E. Platen, Numerical Solution of stochastic Differential Equations, Springer–Verlag
(1992).

[11] G. N. Milstein, YU. M. Repin, M.V. Tretyakov, Numerical Methods for Stochastic Systems Preserving
Symplectic Structure, SIAM J. Numer. Anal. 40, 1583–1604 (2002).
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Model reduction methods for ODEs
and PDEs: an introduction

Alessandro Alla
Dip. di Scienze Molecolari e Nanosistemi, Università Ca’ Foscari Venezia , alessandro.alla@unive.it

Maurizio Falcone
Dip. di Matematica, Università di Roma ”La Sapienza”, falcone@mat.uniroma1.it

Model order reduction (MOR) [6] methods are of growing importance in scientific computing as
they provide an efficient approximation of high-dimensional ODE/PDEs via low-dimensional mod-
els. Indeed, the dimensionality reduction obtained by MOR helps to reduce the computational
complexity and the CPU time needed to solve large-scale engineering systems [3], enabling simula-
tion based scientific studies unfeasible even a decade ago.

MOR is based on the construction of low-dimensional subspaces, typically generated by the
Singular Value Decomposition (SVD), where the evolution dynamics is projected using a Galerkin
method (see e.g. [5]). In this way a high-dimensional system of differential equations is replaced
by a low-rank model. Three steps are required for this low-rank approximation: (i) snapshots of
the dynamical system for some time instances, (ii) dimensionality-reduction of this solution data
typically produced with an SVD, and (iii) Galerkin projection of the dynamics on the low-rank
subspace. The first two steps are often called the offline stage of the MOR architecture whereas
the third step is known as the online stage. Offline stages are exceptionally expensive, but they
enable the (cheap) online stage to potentially run in real time. This approach has been successfully
applied to e.g. parametrized PDEs and optimal control problems [2].

A popular technique for MOR is the so-called Proper Orthogonal Decomposition (POD, see e.g.
[7]) which has been widely used in the scientific computing community. The primary challenge in
producing the low-rank dynamical system is efficiently projecting the nonlinearity (inner products)
to the POD basis, leading to numerous innovations in the MOR community for interpolating the
projection. To give an idea of the power of this technique, for the heat equation, it is possible to
reduce the high dimensional finite difference discretization, say of dimension 103 into a lower one
of dimension 5 with accuracy up to the machine precision.

The outline of the lectures is as follows:

1. Basic facts about approximation techniques for ODEs and PDEs

2. Motivation and introduction of the projection method

3. Proper Orthogonal Decomposition

4. Hyper-reduction for nonlinear terms: Discrete Empirical Interpolation Method ([4])

5. Some applications to parametrized equation and optimal control problems.

The course is addressed to PhD students in Numerical Analysis and to whom is familiar with
numerical methods for ODE/PDEs. Lecture notes for the course can be found in [1].
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References

[1] A. Alla. First steps into model order reduction, IMPA, 2022.
https://impa.br/wp-content/uploads/2022/03/33CBM12-eBook.pdf

[2] A. Alla, M. Falcone, S. Volkwein, Error analysis for POD approximations of infinite horizon problems
via the dynamic programming approach, SIAM J. Control and Optim, 55 (2017), 3091-3115

[3] P. Benner, S. Gugercin and K. Willcox, A Survey of Projection-Based Model Reduction Methods for
Parametric Dynamical Systems, SIAM Rev. 57, 2015, 483-531.

[4] S. Chatarantabut, D. Sorensen, Nonlinear Model Reduction via Discrete Empirical Interpolation, SIAM
J. Sci. Comput, 32 (2010), 2737-2764.

[5] K. Kunisch, S. Volkwein, Galerkin proper orthogonal decomposition methods for parabolic problems.
Numer. Math. 90 (2001), 117-148.

[6] A. Quarteroni and G. Rozza, Reduced Order Methods for Modeling and Computational Reduction,
Springer, 2014.

[7] S. Volkwein, Model Reduction using Proper Orthogonal Decomposition. Lecure Notes, University of
Konstanz, 2013.
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3 Light Talks

• Alessia Andó: Numerical investigation of the stability of two-structured linear population
models (page 13)

• Marco Berardi: Modelling water stress in root water uptake (page 14)

• Simone De Reggi: Bivariate collocation for computing R0 in epidemic models with two
structures (page 15)

• Fabio Difonzo: On the existence, uniqueness and approximation of solutions to DDEs of
Carathéodory type (page 16)

• Stefano Di Giovacchino: Numerical conservation properties of Stochastic Korteweg-de
Vries equation (page 16)

• Flavia Esposito: SVD-based initialization with Accelerated Progressive Residual Projection
for Nonnegative Matrix Factorization (page 17)

• Antonio Fazzi: Addition and intersection of linear time-invariant behaviors (page 18)

• Massimo Frittelli: The virtual element method for bulk-surface PDEs and its application
to battery modeling (page 18)

• Giuseppe Giordano: Local error estimation of one-step methods for Stochastic Differential
Equations (page 18)

• Jean-Philippe Lessard: Radially symmetric equilibria of PDEs on Rd computer-assisted
proofs of existence (page 19)

• Mattia Manucci: Reduced Basis Contour Integral Methods for convection diffusion para-
metric PDES (page 20)

• Angela Martiradonna: Positive and conservative nonstandard schemes for biochemical
systems (page 20)

• Angela Monti: Adaptive POD-DEIM correction for Turing pattern approximation in reaction-
diffusion PDE systems (page 21)

• Giovanni Pagano: Adapted numerical methods for stiff differential problems (page 22)

• Sabrina Francesca Pellegrino: A non-periodic Chebyshev spectral method for a class of
nonlinear peridynamic models (page 22)

• Stefania Ragni: A constructive method for parabolic equations with opposite orientations
arising in optimal control (page 23)

• Carmela Scalone: Destabilising linear stochastic differential systems with non-normal drift
(page 24)

• Laura Selicato: Optimization of Penalty Hyperparameters in Non-negative Matrix Factor-
ization problems (page 24)

• Alexey Sukhinin: Twisted singularities in the system of coupled nonlinear Schrodinger
equations (page 25)
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Numerical investigation of the stability of two-structured linear
population models

Alessia Andó

Gran Sasso Science Institute - GSSI, L’Aquila
alessia.ando@gssi.it

This is a joint work with Simone De Reggi, Davide Liessi from Department of Mathematics,
Computer Science and Physics, University of Udine, and Francesca Scarabel from Department of
Mathematics, The University of Manchester.

Models in population dynamics are often described by means of one or more physiological
structures, i.e., variables that influence the relevant processes at the individual level (e.g., age,
size, time since infection). The talk will concern linear models equipped with two physiological
structures that are formulated as first-order hyperbolic PDEs. The stability of the null equilibrium
of such a model is determined by the spectrum of the relevant infinitesimal generator [2], which
needs to be approximated numerically due to the infinite dimension of its action. I will present a
method for approximating such a spectrum which is based on bivariate polynomial collocation and
the validity of which has been confirmed by extensive numerical experiments [1].

References

[1] A. Andó, S. De Reggi, D. Liessi, F. Scarabel, A pseudospectral method for investigating the
stability of linear population models with two physiological structures, submitted.

[2] G. F. Webb, Dynamics of populations structured by internal variables, Math. Z. 189:319–335,
1985.
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Modelling water stress in root water uptake

Marco Berardi

Istituto di Ricerca sulle Acque - Consiglio Nazionale delle Ricerche
marco.berardi@ba.irsa.cnr.it

In this talk we will present a new way to take into account a memory term when studying root
water uptake in unsaturated flow equations.

Following the idea given in [1] we model the soil water dynamics in a soil plant system by mean
of a Richards’ equation with a revised Feddes root water uptake function

C(h)
∂h

∂t
= ∇ ·

(
K(h)

(
∇h+ 1

))
− S(z, t) (1)

where C(h), K(h) are hydraulic functions, h is the soil matric potential and S(z, t) is the root
water uptake function (RWU).

The Feddes empirical macroscopic RWU model SF (t, z) is generally expressed as a scaled di-
mensionless soil water stress reduction function. The revised Feddes model has the following form
S(z, t) = δ(t)SF (z, t), where δ(t) satisfies the following integral equation

δ(t) =
(

1−
ˆ t

t0

ω(t− τ)(1− δ(τ)φ(τ))dτ
)µ
, (2)

with

φ(τ) =

ˆ Lr

0
γ(h(τ, z))/Lr dz, beingLr the rooting system depth.

We investigate suitable assumptions on the weight ω guaranteing existence and uniqueness of
solution of (2). We also present some numerical simulations comparing different weight functions,
with tailored numerical schemes.

This is a joint work with Giovanni Girardi from Università degli Studi di Bari Aldo Moro

References

[1] X. Wu, Q. Zuo, J. Shi, L. Wang, X. Xue, A. Ben-Gal, Introducing water stress hys-
teresis to the Feddes empirical macroscopic root water uptake model, Agricultural
Water Management, Volume 240, 2020, 106293.
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Bivariate collocation for computing R0 in epidemic models with
two structures

Simone De Reggi

CDLab-Computational Dynamics Laboratory

University of Udine
dereggi.simone@spes.uniud.it

This is a joint work with Dimitri Breda and Rossana Vermiglio from University of Udine,
Francesca Scarabel from University of Manchester and Jianhong Wu from University of York.

In epidemiology R0 is “the expected number of secondary cases produced by a typical infected
individual during its entire period of infectiousness in a completely susceptible population” and is
shown to be the spectral radius of a next generation operator [2]. Its computation is thus reduced
to the computation of the spectrum of an operator.

In the case of continuously structured epidemic models, i.e., models in which the vital rates
(e.g., birth and mortality) depend on variables, called structures, representing individual traits
(e.g., age, size, immunity), the next generation operator acts between function spaces which, in
general, makes the computation of its spectrum not achievable analitically.

In this talk I will present a numerical method based on bivariate collocation for approximating
R0 in epidemic models with two structures. Numerical tests confirm the validity of the approach
and an application to a model of childhood diseases, like pertussis, structured by age and immunity
is presented [1].

References

[1] D. Breda, S. De Reggi, F. Scarabel, R. Vermiglio, and J. Wu. “Bivariate collocation for com-
puting R0 in epidemic models with two structures”. In: Computers & Mathematics with Ap-
plications (2021).

[2] O. Diekmann, J. A. P. Heesterbeek, and J. A. Metz. “On the definition and the computation of
the basic reproduction ratio R0 in models for infectious diseases in heterogeneous populations”.
In: Journal of mathematical biology 28.4 (1990), pp. 365–382.
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On the existence, uniqueness and approximation of solutions to
DDEs of Carathéodory type

Fabio V. Difonzo

Dipartimento di Matematica, Università degli Studi di Bari Aldo Moro, Via E. Orabona 4, 70125
Bari, Italy

fabio.difonzo@uniba.it

In this talk we refer our recent results on the existence, uniqueness and approximation of
solutions of delay differential equations (DDEs) with right-hand side functions of Carathéodory
type. We show a construction of the randomized Euler scheme for DDEs and provide its Lp(Ω)-
error estimate. Finally, we report results of some numerical experiments.

This is a joint work with Pawel Przybylowicz from AGH University of Science and Technology,
Faculty of Applied Mathematics, Al. A. Mickiewicza 30, 30-059 Kraków, Poland

Numerical conservation properties of the stochastic Korteweg-de
Vries equation

Stefano Di Giovacchino

University of L’Aquila
stefano.digiovacchino@graduate.univaq.it

In this talk, we address our attention to the numerical solution of the stochastic Korteweg-de
Vries equation [3]. It is well-known that the exact solution of this stochastic partial differential
equation satisfies invariant laws [4]. In particular, the averaged spatial integral of the first moment
of the solution is constant in time while the spatial integral of the second moment of the exact
flow grows, in average, linearly in time. Here, we aim to analyze such characterizing properties
exhibited by the exact solution also along numerical approximations provided by a central finite
difference scheme for the spatial discretization [5] and by stochastic ϑ-methods for time integration
[2]. The investigation has revealed that the aforementioned approximations are not able to retain
the same invariant laws also along their numerical dynamics, i.e., linear and quadratic terms (in
time) appear, destroying the eventual conservative character of such discretizations [1]. Selected
numerical experiments have also been provided to confirm the theoretical results. This is a joint
work with Raffaele D’Ambrosio from University of L’Aquila.

References

[1] R. D’Ambrosio, S. Di Giovacchino, Numerical conservation issues for
the stochastic Korteweg-de Vries equation, submitted.

[2] D. Higham, Mean-square and asymptotic stability of the stochastic theta method, SIAM J. Numer. Anal.
38, 753–769 (2000).

[3] D.J. Korteweg, G. de Vries, On the change of form of long waves advancing in a rectangular canal, and
on a new type of long stationary waves, Philos. Mag.. 39, 422–443 (1895).
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[4] G. Lin, L. Grinberg, G.E. Karniadakis, Numerical studies of the Stochastic Korteweg-de Vries equation,
J. Comput. Phys. 231 (2), 676–703 (2006).

[5] A.C. Vliegenthart, On Finite-Difference Methods for the Korteweg-de Vries Equation, J. Eng. Math. 5
(2), 137–155 (1971).

SVD-based initialization with Accelerated Progressive Residual
Projection for Nonnegative Matrix Factorization

Flavia Esposito

Department of Mathematics, University of Bari Aldo Moro
flavia.esposito@uniba.it

Nonnegative Matrix Factorization (NMF) is a powerful dimensionality reduction approach widely used
in many real contexts. Its power is due, above all, to the nonnegative constraints on its factors, which allows
meaningful interpretations that naturally extend the human part-based learning process.

Formally, factors of this decomposition are found by minimizing a particular objective function in al-
ternate way with different algorithmic schemes. Most of these algorithms are iterative, and then the choice
of the particular initialization procedure can affect the factorization performance. Different initial values
for the factor matrices can affect the efficiency of NMF algorithms either speeding up the convergence, pro-
ducing lower error reduction or improve computational efficiency. The problem of selecting an appropriate
initialization becomes more complicated when additional structures or constraints are imposed on the factors
or when the data possess special meanings.
Different strategies have been proposed in literature for NMF initialization. These can be divided in Simple
Schemes (Random based initialization), Structured Schemes (Deterministic Low-Rank or Clustering-based)
and Naturally based approaches.

In this talk, after a brief review of these schemes, we focus on the most popular class that makes use of
deterministic low-rank rules such as successive projection algorithm and SVD-based. Focusing on SVD-based
initializations, we review that two of the most widely used methods defect for increasing the approximation
error as the rank increases. This problem is solved by another method that uses a low-rank correction applied
on nonnegative factors obtained using SVD to get the final initialization factors. Here, we extend this kind
of initialization by proposing a new initialization method namely NNSVD-PRP improving computational
efficiency. Our method make use of a residual projection to inherit advantages by its parent and improve
also some important aspects. It will benefit of: (i) a not increasing error function according to the rank;
(ii) sparser factors generation; (iii) computational cost reduced and faster computation. We evaluate our
proposed solution against other SVD-based initializations on real dense and sparse data sets.

This is a joint work with Dr. Syed Muhammad Atif from Graduate School of Science and Engineering,
PAF-Karachi Institute of Economics and Technology Karachi, Pakistan.
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Addition and intersection of linear time-invariant behaviors

Fazzi Antonio

Department ELEC, Vrije Universiteit Brussel
Antonio.Fazzi@vub.be

We define and analyze the operations of addition and intersection of linear time-invariant systems in
the behavioral setting, where systems are viewed as sets of trajectories rather than input-output maps. The
classical definition of addition of input-output systems is addition of the outputs with the inputs being
equal. In the behavioral setting, addition of systems is defined as addition of all variables. Intersection of
linear time-invariant systems was considered before only for the autonomous case in the context of ”common
dynamics” estimation. We generalize the notion of common dynamics to open systems (systems with inputs)
as intersection of behaviors. Some properties of these operations are illustrated.

This is a joint work with Ivan Markovsky

The virtual element method for bulk-surface PDEs and its
application to battery modeling

Massimo Frittelli

Dipartimento di Matematica e Fisica “E. De Giorgi”, Università del Salento
massimo.frittelli@unisalento.it

We present the Bulk-Surface Virtual Element Method (BSVEM) for the spatial approximation of station-
ary and time-dependent coupled bulk-surface PDEs in three space dimensions, thereby extending previous
work on the two dimensional case [3]. The method combines the polyhedral VEM for the bulk equations
[1] and the surface Virtual Element Method (SVEM) for the surface equations [2]. We provide a geometric
error analysis of polyhedral meshes independent of the method. Then, we provide a full error analysis in the
lowest order case that holds even in the presence of curved boundaries, provided the exact solution is H2+3/4

in the bulk and H2 on the surface. The method brings all the advantages of general polyhedral meshes
into the context of bulk-surface PDEs. We show the application of the method to a novel bulk-surface PDE
system for battery modeling.

This is a joint work with Anotida Madzvamuse from University of Sussex, Ivonne Sgura from Università
del Salento and Benedetto Bozzini from the Department of Energy, Politecnico di Milano.

References

[1] Beirão Da Veiga, L and Dassi, F and Russo, A/High-order virtual element method on polyhedral
meshes/Computers & Mathematics with Applications/74/5/1110–1122/10.1016/j.camwa.2017.03.021

[2] Frittelli, M and Sgura, I/Virtual element method for the Laplace-Beltrami equation on surfaces/ESAIM:
Mathematical Modelling and Numerical Analysis/52/3/965–993/10.1051/m2an/2017040

[3] Frittelli, M and Madzvamuse, A and Sgura, I/Bulk-surface virtual element method for systems of PDEs
in two-space dimensions/Numerische Mathematik/147/2/305–348/10.1007/s00211-020-01167-3
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Local error estimation of one-step methods for Stochastic
Differential Equations

Giuseppe Giordano

Department of Mathematics, University of Salerno
gigiordano@unisa.it

This talk highlights recent advances in the numerics of Stochastic Differential Equations (SDEs), since
their applications are in several real-life phenomena, whose dynamics are affected by random perturbations
[4].
In particular, in this work we describe an efficient procedure to estimate the local truncation error of one-step
method for the numerical solution of SDEs of Itô type, based on the idea of their continuous-time extension
developed in [5]. As known in the deterministic case [3], this procedure allows us to obtain a variable step-
size algorithm, that may be useful to solve stiff SDEs [1, 2].
Numerical tests will be performed in order to confirm the theoretical results.

This is a joint work with Prof. Beatrice Paternoster and Prof. Dajana Conte from University of Salerno
and Prof. Raffaele D’Ambrosio from University of L’Aquila.
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Radially symmetric equilibria of PDEs on Rd: computer-assisted
proofs of existence
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In this talk, we present a general method to prove constructively existence of radially symmetric equilibria
of reaction-diffusion equations defined on unbounded domains (Rd). After plugging a radially symmetric
change of coordinates in the PDE, we solve a non-autonomous ODE on the half-line [0,∞) by combining a
Chebyshev-Taylor expansion of the solution together with a center manifold analysis at infinity. The proofs
of existence of solutions are computer-assisted and are obtained by showing that a carefully chosen Newton-
like operator is a contraction on a ball centered at a numerical approximation. We apply our method to
prove existence of localized patterns in the 2D Swift-Hohenberg PDE on the plane. This is a joint work
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with Jan Bouwe van den Berg (VU University Amsterdam, The Netherlands) and Olivier Hénot (McGill
University, Canada)

Reduced Basis Contour Integral Methods for convection diffusion
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We discuss a reduced bases method [3] for linear evolution PDEs, which is based on the application
of the Laplace transform. The main advantage of this approach consists in the fact that, differently from
time stepping methods, like Runge-Kutta integrators, the Laplace transform allows to compute the solution
directly at a given instant, which can be done by approximating the contour integral associated to the in-
verse Laplace transform by a suitable quadrature formula [1, 2]. In terms of the reduced basis methodology,
this determines a significant improvement in the reduction phase, like the one based on the classical proper
orthogonal decomposition (POD), since the number of vectors to which the decomposition applies is drasti-
cally reduced as it does not contain all intermediate solutions generated along an integration grid by a time
stepping method. We show by some illustrative parabolic PDEs arising from finance the effectiveness of the
method and also provide some evidence that the method we propose, when applied to a simple advection
equation, does not suffer the problem of slow decay of singular values which instead affects methods based
on time integration of the Cauchy problem.
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Positive and conservative nonstandard schemes for biochemical
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Biochemical systems are characterized by two relevant features: positivity of the state variables and con-
servation of the linear invariants, such us the total density. A good numerical integrator for this models
should reflect both this properties. In this talk, we present GeCo schemes [1], which are explicit positive
and conservative integrators, up to the second order, for solving biochemical systems. They are obtained by
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generalizing the nonstandard Euler and Heun schemes in order to preserve positivity. We show the perfor-
mance of GeCo schemes in solving some nonlinear biochemical systems and we compare them with similar
schemes in literature.

This is a joint work with with Fasma Diele and Gianpiero Colonna from CNR, Italy

[1] Martiradonna, A., Colonna, G., Diele, F. (2020). GeCo: Geometric Conservative nonstandard
schemes for biochemical systems. Applied Numerical Mathematics, 155, 38-57.
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We investigate a suitable application of Model Order Reduction (MOR) techniques for the numerical approx-
imation of Turing patterns, that are stationary solutions of reaction-diffusion PDE (RD-PDE) systems. We
show that solutions of surrogate models built by classical Proper Orthogonal Decomposition (POD) exhibit
an unstable error behaviour over the dimension of the reduced space. To overcome this drawback, first of
all, we propose a POD-DEIM technique with a correction term that includes missing information in the
reduced models. To improve the computational efficiency, we propose an adaptive version of this algorithm
in time that accounts for the peculiar dynamics of the RD-PDE in presence of Turing instability. We show
the effectiveness of the proposed methods in terms of accuracy and computational cost for a selection of RD
systems.

This is a joint work with Alessandro Alla from Università Ca’ Foscari, Venezia, Italy and Ivonne Sgura
from Università del Salento, Lecce, Italy
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Adapted numerical methods for stiff differential problems
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We consider differential problems arising from real applications [4], where some features of the exact
solution are a-priori known. Our aim is to develop numerical techniques with excellent stability properties
[1], which are also able to preserve such characteristics [2, 5]. In particular, we will focus on stiff partial
differential equations, whose exact solution is positive and/or oscillates with known frequency. We will show
numerical tests to confirm the efficiency, stability and accuracy of the proposed numerical methods [3].

This is a joint work with Dajana Conte and Beatrice Paternoster from Department of Mathematics,
University of Salerno.
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In the framework of elastodynamics, peridynamics is a nonlocal theory able to capture singularities
without using partial derivatives. We focus on a one-dimensional nonlinear model of peridynamics and
propose a spectral method based on the Chebyshev polynomials to discretize in space. The main capability
of the method is that it avoids the assumption of periodic boundary condition in the solution and can benefit
of the use of the fast Fourier transform (FFT).

This is a joint work with Luciano Lopez from Università degli Studi di Bari Aldo Moro
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The second Lyapunov exponent of switching systems
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We address the stability issue of the nonlinear differential equations with the matrix control. One of
applications of this problem is the stability of switching systems of the form ẋ(t) = A(t)x(t), where A(t)
belongs to a fixed compact control set U of d × d matrices. We consider the discrete switching system
x(k + 1) = A(k)x(k), k ≥ 0. Such systems are intensively studied in the literature due to numerous
applications in electrical engineering, robotics, population dynamics, etc. The system is asymptotically
stable if all its trajectories tend to zero as k → ∞. The stability of the discrete system is decided it
terms of its Lyapunov exponent also called the joint spectral radius ρ(U). For generic systems, the value
of the Lyapunov exponent is attained at a finite product Π of matrices from U , or, equivalently, the fastest
growth of trajectories is achieved at eventually periodic sequences A(k) with the period Π. The Lyapunov
exponent is equal to ρ(U) = ρ1/n(Π), where n is the length of the product Π and ρ(Π) is its spectral radius.
Functions A(k) of all other periods give a strictly slower growth. Namely, if ρ(U) = 1, then there exists q < 1
such that for every matrix products P which is neither a power of Π nor of its cyclic permutation, we have
ρ1/`(P ) ≤ 1, where ` is the length of P . The infimum of such q is called the second Lyapunov exponent. To
underline the difference we add the term “first” to the usual Lyapunov exponent (the joint spectral radius).
The distance between these two Lyapunov exponents is the spectral gap. Thus, the spectral gap measures
the difference between the fastest rate of growth to the rates of all other periodic trajectories. We reveal the
key properties of the second Lyapunov exponent and present methods of its estimation and of computation
with a given precision. In particular, we show that the second Lyapunov exponent may not be achieved at
periodic sequences. Applications of our results to the consensus problem, to the study of wavelets, and to
the theory of multiplicative matrix semigroups are discussed.

This is a joint work with Nicola Guglielmi from GSSI (L’Aquila)

A constructive method for parabolic equations with opposite
orientations arising in optimal control
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An optimal control model governed by parabolic equations can be analyzed by formulating the so called
“optimality system”, that consists of equations with opposite orientations. The employment of PDE-
constrained optimization is useful in different fields, such as in economics and in ecology for allocating
resources and managing ecosystems. Assuming that any solution exists for the system of equations with
opposite orientations, an original proof of its uniqueness is developed. The approach is based on basic as-
sumptions which are ellipticity for the bilinear form and Lipschitz continuity of the forcing terms, moreover
it can be employed as a general tool for studying a large class of optimal control problems. The same proof
of uniqueness inspires a constructive method for approximating the solution, which is not available in closed
form in the most cases. The method consists of an interative procedure based on successive approximations
converging to the required solution. Due to the structure of the problem, this kind of approximation per-
forms a forward-backward integration and gives raise to iterative schemes whose convergence is investigated
in the continuous setting, by adapting the same proof provided for the exact solution uniqueness. In addi-
tion, the numerical implementation involves exponential integration in time, that is original in the setting
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of PDE-constrained optimization. The effectiveness of the approach is investigated by approximating the
solution of test problems.

Destabilising linear stochastic differential systems with
non-normal drift
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The impact of highly non-normality on linear systems of ordinary differential equations with a matrix
of constant coefficient, has been deeply studied in the ODEs theory. In this talk, we present a particular
instance of the general problem presented by Higham and Mao in [1] of destabilising a non-normal linear
homogeneous system by a noisy term. We analytically construct a mean-square destabilising perturbation
when the dimension of the system goes to infinity and the matrix of the cofficients assumes a particular
bidiagonal bidiagonal form, which represents a prototype of a strongly non-normal case. Finally, we explore
the numerical counterpart of the problem. This is a joint work with R. D’Ambrosio (University of L’Aquila)
and N. Guglielmi (Gran Sasso Science Institute).
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The problem of hyperparameter optimization (HPO) in learning algorithms represents an open issue of
great interest. It has a direct impact on the performance of the algorithms as well as on the reproducibility of
the same, especially in the context of unsupervised learning. This scenario includes the well-known Matrix
Decompositions (MDs), which are gaining attention in Data Science as mathematical techniques capable
to capture latent information embedded in large datasets. Among the low-rank MDs, Nonnegative Matrix
Factorization (NMF) is one of the most effective methods for analyzing real-life nonnegative data. It can
be seen as an optimization problem often penalized to emphasize useful properties of the data matrix. How
to automatically choose optimal penalization hyperparameters, for example, is an open question in this
context. To the best of our knowledge, the literature panorama lacks a general framework that addresses
this problem. In this work, we consider the hyperparameter selection problem using a bi-level approach:
the selection of hyperparameters is incorporated directly into the algorithm as part of the updating process.
This problem is approached from two perspectives: the existence and convergence theorems of numerical
solutions, under appropriate assumptions, are presented together with the proposal of a new algorithm
for tuning hyperparameters in NMF problems. The proposed approach provides competitive results for
controlling sparsity on synthetic and real datasets.
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This is a joint work with Nicoletta Del Buono and Flavia Esposito from Università degli Studi di Bari
Aldo Moro - Italy, and Rafal Zdunek from Politechnika Wroclawska - Poland.

Twisted singularities in the system of coupled nonlinear
Schrodinger equations.
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The system of coupled Nonlinear Schrodinger Equations with focusing nonlinearity plays an important
role in several fields of physics. In nonlinear optics, in particular, the system models the propagation of high
intensity light beams in free space under the influence of Kerr nonlinearity. In this talk, I will explain the
construction of several singular solutions of (2+1)D coupled NLS equations as well as their dynamics and
stability properties. The role of the orbital angular momentum and critical power of localized profiles will
be discussed.
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